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Abstract 

Let G be a sub-Riemannian A:-step Carnot group of homogeneous dimension Q. In this paper, we shall prove 
several geometric inequalities concerning smooth hypersurfaces (i.e. codimension one submanifolds) immersed in 

C^ \ G, endowed with the //-perimeter measure. 
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1. Introduction 

During the last years there was an increasing interest in studying Analysis and Geometric Measure 
^ \ Theory in metric spaces (see [1] [3 , 4l, IITtI . Il24l . [31], [58 1 and bibliographic references therein, but this 

list is far from being exhaustive). In this regard, important examples of highly non-Euclidean geometries 
are represented by the so-called Camot-Charatheodory (or sub-Riemannian) geometries; see lITOl . Il33l . 
B-9.1 . I.50.;5]l,l52l . ll56l . ||59l . In this context, Carnot groups play the role of modeling the tangent space 
(in a suitable generalized sense, which is related with the Gromov-Hausdorff convergence) of a sub- 
Riemannian manifold; see Il33l . B9l . For this and many other reasons, Carnot groups are an intriguing 
field of research; see f5l, f6l, fi\, CIl, El, ||2I]|23], |El|28l|29l|3pl, f36l, Billll, EH US, El. 

A k-step Carnot group (G, •) is an ^-dimensional, connected, simply connected, nilpotent, stratified 
Lie group (with respect to the group multiplication •) whose Lie algebra g = R" satisfies: 

We assume that hi - dim//;(/ - l,...,k) so that n = Y!l=\hi. Any Carnot group G has a 1-parameter 
family of dilations, adapted to the stratification, that makes it a homogeneous group, in the sense of 
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2 Francescopaolo Montefalcone 

Stein's definition; see ll55l . We refer the reader to Section [TTT] for a more detailed introduction to Camot 
groups. 

In this paper, we shall prove some geometric inequalities concerning smooth hypersurfaces immersed 
in a sub-Riemannian k-step Carnot group G of homogeneous dimension Q :- X*^j ikj. We have to 
stress that hypersurfaces will be endowed with the so-called //-perimeter measure cr^~\ which is a 
natural substitute of the intrinsic (Q - l)-dimensional CC Hausdorff measure. In Section [L2l we will 
discuss some preliminaries notions concerning homogeneous measures and the horizontal geometry of 
hypersurfaces. Then we will recall some tools which will be important in the sequel, such as a Coarea- 
type formula and the horizontal integration by parts theory; see Section [731 

In Section |2] we will extend to this setting some Isoperimetric-type Constants, introduced by Cheeger 
in the Seventies for compact Riemannian manifolds in 1 16 1 and later studied by Yau in 1.61] . 

In particular, we shall prove the validity of some global inequalities for smooth compact hypersurfaces 
with (or without) boundary, immersed into G. Here, we would like to remark that there is a strong 
relationship among these inequalities and some eigenvalue problems related to the 2nd order differential 
operator £,hs (which is nothing but a horizontal version of the Laplace-Beltrami operator); see, more 
precisely. Definition l2T]in Section [L2l 

Roughly speaking, after defining the isoperimetric constants (in purely geometric terms), we will show 
that they are equal to the infimum of some Rayleigh's quotients. More precisely, let 5 c G be a smooth 
hypersurface and assume dS 4^ 0. Furthermore, set 

<-2(A^) 
Isop(S) := inf ; , 

where A/^ c 5 is a smooth hypersurface of S such that NOdS -% and S i is the unique (?i-2)-dimensional 
submanifold of S such that N = dS \. We have to stress that (t"~^ and (t"^^ denote homogeneous 
measures on S \ and A'^, respectively. These measures can be thought of, respectively, as the {Q - 1)- 
dimensional and the {Q - 2)-dimensional CC Hausdorff measures on S i and N; see Section [TT2l Then, it 
will be shown that 

L Igradns lAkr^ 
Isop(5) = mf ■ , 

where the infimum is taken over suitably smooth functions on S such that i/zlgs = 0. As mentioned, this 
constant is related to the first non-zero eigenvalue Ai of the following Dirichlet-type problem: 

-£,Hs ij/ - Ai//, 
<Alas = 0; 

see Definition [2T] Indeed, we shall see that 

^ (Isop(^))^ 

Ai > , 



see Corollary |28] Some similar results concerning another isoperimetric constant will be proved; see 
Theorem |30] and Corollary |3T] The proofs of these results follow the scheme of the Riemannian case, for 
which we refer the reader to Yau, [1611 ; see also |[l6l and |[T3l[T4]| . We also remark that the main technical 
tool in the original proofs is the Coarea formula. 

In Section [3] we shall prove two geometric inequalities involving volume, //-perimeter and the 1st 
eigenvalue of the operator £,hs on S . These results generalize an inequaUty of Chavel (see |[T2| ) and an 
inequality of Reilly (see [53]), respectively. 

In Section [4] we will extend to the Camot setting some classical differential-geometric results (such 
as linear isoperimetric inequalities); see, for instance, |,9J and references therein. The starting point is 
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an integral formula very similar to the Euclidean Minkowsky Formula; see Corollary |20]for a precise 
statement. In particular, we will show that 

{h - \)a^^-\S) <r({ {yHH\ + |C«vJ) a^,~' + cTl'\dS) 



where S c G is a compact hypersurface with boundary and R denotes the radius of a homogeneous ^-ball 
circumscribed about S . From this linear (isoperimetric) inequality, it is possible to infer some geometric 
consequences and, among them, we prove a weak monotonicity inequality for the //-perimeter; see 
Section urn Proposition l38l 

Section [5] contains a theorem about non-horizontal graphs in 2-step Camot groups. This generalizes a 
classical result of Heinz 1351 ; see also Chern, [19|. 

Let us describe this result in the simpler case of the Heisenberg group H^ So let S c H^ be a T-graph 
associated with a function t = f{x, y) of class C^ over the xy-plane. If the horizontal mean curvature •//« 
of S satisfies a bound !•//« | > C > 0, then 

for every C^ -smooth relatively compact open set 'ZY c 5 , where TY^^^ (/ = 1, 2) is the usual /-dimensional 
Euclidean Hausdorff measure and fxy is the orthogonal projection onto the Aj-plane. Hence, taking 
tl := S D CriT), where CriT) denotes a vertical cylinder of radius r around the T-axis of Hl\ yields 

2 

r < — 

C 

for every r > 0. It follows that any entire ;t:3'-graph of class C^, having either constant or only bounded 
horizontal mean curvature *//« , must be necessarily a //-minimal surface. An analogous result holds true 
in the framework of step 2 Carnot groups; see Theorem l42l 

In Section [6] we shall study some (local) Poincare-type inequalities, depending on the local geometry 
of the hypersurface S and, more precisely, on its characteristic set Cs ', see Theorem |44] Theorem @5] 

For instance, let 5 c G be a C^-smooth hypersurface with bounded horizontal mean curvature 'Hh ■ 
Then, we shall prove that for every x € S there exists Rq < distg(x, dS) (which explicitly depends on Cs) 
such that: 



(J Wt"A" <C„RiJ \grad,s^\Pcr"A" 



p € [l,-l-oo[ 



for all (A € CI{Sr) and all R < Rq, where Sr-- S n Bg{x,R). 

These results are obtained by means of elementary "linear" estimates starting from the horizontal 
integration by parts formula, together with a simple analysis of the role played by the characteristic set. 
Finally, in Section [6?T] we will prove the validity of a Caccioppoli-type inequality for weak solutions of 
the operator Xm . 

1.1. Carnot groups. A k-step Camot group (G, •) is a finite-dimensional connected, simply connected, 
nilpotent and stratified Lie group with respect to a polynomial group law •. The Lie algebra g = M." 
fulfils the conditions: a, - Hi® ... ® Hk, [//i,//,-i] - Hi V / = 2,...,k + 1, Hk+\ = {0), where [•,•] 
denotes the Lie brackets and each //, is a vector subspace of g. In particular, we denote by the identity 
of G and assume that g = TqG. We also use the notation H := H\ and V := H2® ...®Hu. The subspaces 
H and V are smooth subbundles of TQ called horizontal and vertical, respectively. 

Notation 1. Throughout this paper, we denote by Phj : TG — > //,■ the orthogonal projection map from 
TG onto Hi for any i = \, ...,k. In particular, we set Ph '.= Phj. Analogously, we set Pv : TG — > V to 
denote the orthogonal projection map from TG onto V. 
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Let hi := dim//, for any / = 1, ...,k. Set «o •- and «,• := X'. j /jj for any / = 1, ...,k. Note that 
ni = h\,n2= hi + /j2,.--, and ?i)t - n. 

Notation 2. Throughout this paper, we set /«, '.= {rii^i + \, ...,nj} for any i - \,...,k. We also set 
Iv '.- {h[ + 1, ...,n} and use Greek letters a,/3,y, ...,for indices in Iv. For the sake of simplicity, we set 
h :- hi and Ih '.= ///i- 

The horizontal bundle H is generated by a frame Xh := {Xi ,...,Xh} of left-invariant vector fields. This 
frame can be completed to a global graded, left-invaiiant frame X := {Xi, ...,X„} for TG. Note that the 
standard basis |e,- : / = 1, ..., n} of R" can be relabeled to be graded or adapted to the stratification. Any 
left-invariant vector field of the frame X is given by Xi{x) = Lx^^ti (/ = 1, ...,«), where Lj* denotes the 
differential of the left-translation L,-, defined by Lxy :- x»y W y e G. We also fix a Euclidean metric on 
g = TqG such that {e,- : / = 1, ...,n} is an orthonormal basis. This metric g = {■, •) extends to the whole 
tangent bundle by left-translations and makes X an orthonormal left-invariant frame. Therefore {G,g) is 
a Riemannian manifold. 

Let exp : g — > G be the exponential map. Hereafter, we will use exponential coordinates of the 1st 
kind; see S, Ch. 2, p. 88. 

As for the case of nilpotent Lie groups, the multiplication • of G is uniquely determined by the 
"structure" of the Lie algebra g. This is the content of the Baker-Campbell-Hausdorff formula; see 1201 . 
More precisely, one has 

exp (X) • exp{Y) = exp {X * Y) V X, F € g, 

where • : g x g — > g denotes the so-called Baker-Campbell-Hausdorff product given by 

(1) X-kY ^X-\-Y-\--[X,Y]-\-—[X, [X, F]] - — [F, [X, F]] + brackets of length > 3. 

Using exponential coordinates, ([D the group multiplication • turns out to be polynomial and explicitly 
computable; see EOl . Moreover, = exp(0, ...,0) and the inverse of x e G (x = exp(xi, ...,x„)) is 
x"^ = exp(-xi, ..., -x„). 

A sub-Riemannian metric gn is a symmetric positive bilinear fomi on the horizontal bundle H. The 
CC-distance dccix,y) between x,y € G is given by 



dcc{x,y) --inf I y]gH{y,y)dt, 



where the infimum is taken over all piecewise-smooth horizontal paths y joining x to y. Later, we shall 
choose gH ■- g\H- 

Camot groups are homogeneous groups, that is, they admit a 1-parameter group of automorphisms 
5t : G — > G (f > 0) defined by 6tX :- exp [Ejj t'' ^ij^iX where x = exp (Zj^,. x,ve,J € G. As 
already said, the homogeneous dimension of G is the integer Q := Xf=i i hi coinciding with the Hausdorff 
dimension of {G, dec) as a metric space; see f49l. 

We recall that a continuous distance g : GxG — > R+ U {0} is a homogeneous distance if, and only if, 

q{x, y) = q{z» x,z»y) y x,y,z^ G; gidfX, Sty) - tg{x, y) Vf > 0. 

The structural constants of g (see |[T3l ) associated with the frame X are defined by Cf. := ([X,-,X;],Xr> 
yi,j,r = !,...,«. They are skew-symmetric and satisfy Jacobi's identity. The stratification of the Lie 
algebra g implies a fundamental "structural" property of Camot groups, i.e. if X, e Hi, Xj e //„,, then 
[Xi,Xj] € ///+,„. It is worth remarking that, if / e Ih., and j e luialso, then 

(2) C"; ?t ^ m e iy,,+, . 

Equivalently, if C-- 4^ 0, then ord(/) -i- ord(7) = ord(r), where ord : {1, ...,n\ — > |1, ...,k\ is the function 
defined as ord(0 = / <=^ / e /«, . 
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V a e Ih2 = {h + \, ...,h + h2}; 
W a € Iv = {h+l, ...,n}. 



Notation 3. Henceforth, we shall set 

• C^ := [Cf.],j=i,...,,, e MixftW 

• C" ■= [Cl\j=,_n e M„xn(R) 

Remark 4. It is important to observe that ^ immediately implies that the matrices just defined are the 
only ones which can be non zero. 

Let us define the left-invariant co-frame oj :- {oji : i = l,...,n} dual to X, i.e. coj = X* for every 
/ = l,...,n. The left-invariant 1-forms coj for / = \,...,n are uniquely determined by the condition 
coiiXj) = {Xi,Xj) = dj W i,j = 1, ...,n, where 6j denotes Kronecker delta. 

Definition 5. We shall denote by V the unique left-invariant Levi-Civita connection on ( 
the left-invariant metric g = (-, •). Moreover, ifX, Y e X{H) :- C°°(G, //), we shall set 

W^Y'-pHi'VxY). 

Let X = [X\, ...,Xfi}he the global left-invariant frame on TO. Then, it turns out that 



r associated with 



(3) 



'^x.Xj = lf^(qj-C)^ + ci)x, \fi,j=l,...,n; 



r=l 



see, for instance, Milnor's paper p^], Section 5, pp. 310-3 1 1. Furthermore, we stress that V" is a partial 
connection, called horizontal H -connection; see [32] or [37 1; see also [44] and references therein. Using 
Definition [5] together with © and (O, it is not difficult to show the following: 

• V" is flat, i.e. 

V^Xy = Mi,j€h; 

• V" is compatible with the sub-Riemannian metric gu , i.e. 

X{Y,Z) = {"^"^Y,!) + {Y, V^Z> V X, y, Z € X{H) 

• V" is torsion-free, i.e. 

V^F - V^X - !P« [X, F] = V X, F € 1{H). 

Definition 6. If i// e C°°(G) we define the horizontal gradient of t]/ as the unique horizontal vector 
field gradutj/ such that {gradn4t,X) = dif/{X) = Xtfj for every X € X(//). The horizontal divergence of 
X € X(//), diVhX, is defined, at each point x e G, by 

divnXix) := Trace [y -^ V^x) (x) (F e H^). 

For any Y - Y^jein yj^j ^ ^(H), we denote by J'h Y the horizontal Jacobian matrix ofY, i.e. 

Example 7 (Heisenberg group H" (« > 1)). The Lie algebra I)„ = R^""*"^ of the n-th Heisenberg group H" 
can be described by means of a left-invariant frame Z :- {Xi, Fi, ...,X,-, F,-, ...,X„, F„, T], where, at each 

p ^ exp{xi,yi,X2,y2,-,x„,yn,t) e H", we have set: Xi{p) := ^ - ||, F;(p) '■= -^^ + j§;for every 

i = l,...,n; T{p) := ^. One has [X,, F,] - T for every i = !,...,«, and all other commutators vanish, 
so that T is the center o/I)„ and I)„ turns out to be a nilpotent and stratified Lie algebra of step 2, i.e. 
\)n= H ® H2. The structural constants of\)n are described by the skew -symmetric {2n X 2n)-matrix 
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1.2. Hypersurfaces. The (Riemannian) left-invariant volume fomi of any Camot group G is defined as 
(fl := /\"^j oji e /\"(r*G). By integration of the n-form cr'^, one obtains the Haar measure of G, which 
equals the push-forward of the ?i-dimensional Lebesgue measure £." on g = R". The symbols "K^^, 
'^Eu ^^^^ denote the intrinsic CC ^-dimensional Hausdorff measure and the Euclidean ^-dimensional 
Hausdorff measure, respectively. (Sometimes we will use the notation a'^ = "VoP). Let S c G be a 
hypersurface (i.e. a codimension 1 submanifold of G) of class C (i > 1). Let v denote the (Riemannian) 
unit normal vector along S . Then x e S is a characteristic point if and only if dim //,- = dim{Hx n TxS ). 
The characteristic set of S is given by Cj := {x e S : dimHx = dim{Hx n T^S)]. In other words, a 
point X € 5 is non-characteristic (hereafter abbreviated as NC) if and only if H is transversal to S at x. 
Hence, one has Cs '■= {x e S : \Phv{x)\ = 0), where Ph denotes orthogonal projection onto H. It is 
of fundamental importance that the (Q - l)-dimensional CC Hausdorff measure of the characteristic set 
Cs vanishes, i.e. "K^J (Cs) = 0; see, for instance. Theorem 6.6.2 in Il40l . We also stress that if 5 is a 
hypersurface of class C^, then precise estimates of the Riemannian Hausdorff dimension of Cs can be 
found in |81; see also f6l for the case of the Heisenberg group H" (n > 1). 

The («-l)-dimensional Riemannian measure along S is defined by integration of the (?i-l)-differential 
form o"^"' L 5 := (v J cr")\s, where J denotes the "contraction" operator on differential forms; see [25|. 
We recall that J : /\\T*G) -^ /\''-\T*G) is defined, for X e TG and a e A^rO), by setting 
(Z J aXYu ..., y^^i) := a{X, Yu ..., Yt-i). 

At each NC point x e S \Cs the unit H-normal is defined as v^ := m^. Similarly to the Riemannian 
case, we define an {n - l)-differential form cr'l'^^ € f\l^'^{T*S)hy setting 

By integration of cr^~^ L S , one gets a left-invariant and {Q- l)-homogeneous measure, which is called 
H -perimeter measure. This measure can be extended to the whole of S by setting cr'^''^ L C5 =0. Note 
that cr"~^\_S = \'Phv\o-'^~^ LS. Furthermore, denoting by .S^~ the {Q - l)-dimensional spherical 
intrinsic CC Hausdorff measure (i.e. associated with the CC-distance dec), then 

(t'1''\S n B) - k{v^) S^~^ L(5 n B) V Be Sor(G), 

where the density-function A;(y„), called metric factor, explicitly depends on v„ and dec', see BOl . 

At each NC point x e S \Cs, the horizontal tangent bundle HS := H DTS (Z TS and the horizontal 
normal bundle v^S c H split the horizontal bundle H into an orthogonal direct sum, i.e. // = v„ ® HS . 
The stratification of g induces a stratification of TS := ®\^^HiS, where we have set HS := HiS ; see 11331 . 
Note that at any characteristic point x e Cs one has Hx = HxS , so that 

J- /u c^ i h-l if xe5 \C5 
dim(//,5) = |^ ifxeCs " 

Notation 8. Throughout this paper, we denote by Phs : TS — > HS the orthogonal projection map from 
TS onto HS . 

Now let 5 c G be a hypersurface of class C^ and let V" denote the induced connection on S from V. 
The tangential connection V" induces a partial connection on HS defined by 

Vf 7 := Phs (Vf y) V X,Ye X\HS) := C\S,HS). 

It turns out that 

Vf Y - VJ7 - (V^y, v„> v„ for every X,Y e X\HS); 
see EU. 
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Definition 9 (see II44II ). We call HS- gradient of iff e C^{S) the unique horizontal tangent vector field 
gradfjs (A such that 

{grades ^, X) = di//{X) = Xijj V Xe X\HS). 
We denote by divns the HS -divergence, i.e. ifX € y}{HS) and x e 5, then 

divHs X{x) : - Trace(y -^ Vf X){x) (YeH^S). 
The HS -Laplacian Ahs is the 2nd order differential operator defined as 

Ahs 4' '■= divHs (grades lA) for every tjj € C^(S ). 
The horizontal 2nd fundamental form ofS \Cs is the map given by 

Bh{X, Y) := (V|F, v„) V X, F e ^\HS). 

The horizontal mean curvature "Hh is the trace ofiBn, i.e. "Hh :- TrBn - —divnv^. 

It is worth observing that the 7/5 -connection admits, in general, a non-zero torsion because Bh is not 
symmetric; see [1441 . 

Definition 10. Let ^ Q S be an open set. We shall denote by C)^^. CZ/), (/ = 1,2) the space of functions 
whose HS -derivatives up to i-th order are continuous on 'W. 

We stress that the previous definitions concerning the horizontal 2nd fundamental form Bh{-, •) and 
the //S -connection can also be reformulated by using the function space C'u^itl), (i =1,2) and, more 
precisely, by replacing 1\HS) = C\S,HS) with Xl,{HS) := Cis(S,HS). 

Let S c G be a hypersurface of class C (i > 1) and let v be the outward-pointing unit normal vector 
field along S. We need to define some important geometric objects. To this end, we first note that 
V = Phv + Pvv. By using the left-invariant frame X = {Xi, ...,X„), we see that Pvv = Y^aeiv '^aXa, where 
Va '■= {v,Xa); see Notation [21 

Notation 11. Hereafter we shall set 

• vja := i^ V aelv; 

• Ch := YiaelH^ ^aC"; 

see, for instance, Notation\3\and Remark^ 

1.3. Otfier tools. Let S c G be a hypersurface of class C (/ > 1). Let dS be a (« - 2)-dimensional 
submanifold of S of class C ' , oriented by the outward pointing unit normal vector rj e TS D Nor{dS ). We 
shall denote by cr^~^ the Riemannian measure on dS , i.e. crJJ'^L dS = (77 J cr^~^)bs. In particular, note 
that (X J o-2"')bs = {X,7])\pHv\o-"f^\_dS for every X e X\TS) := C\S,TS). The unit HS -normal 
along dS is given by tjhs := m"\ 'I, . In this way, we can define a homogeneous (n - 2)-dimensional 
measure <-2 € f\"~^(T*dS) by setting a'l'^\_dS := (t/m J a"-^) |^^. It follows that 

a^-^ \-dS = \Vh v\ Whs 7/1 crr^ l dS 

and that (X J a^^^ds = {X,r]Hs)a'l^^ dS for every X € X\HS) := C\S,HS). 

Now let y A 77 e A^(TS) be a unit 2- vector orienting dS , where v e Nor(5') and rj € TS D Nor(dS). 
Then, the characteristic set of dS is defined as Cgs '■= {p € dS : IPniv A 77)! = 0}, where the orthogonal 
projection operator Ph is extended to 2-vectors in the standard way. 
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Proposition 12. Let S c G be a compact hypersurface of class C' and let cp e C^j (S). Then 

(4) f\grad,s(l>{x)\cTr\x)^ f ct^-^'M H S W^. 

Js JR 

Proof. This formula follows from the Riemannian Coarea Formula; see ||9l, |[T5l or B6l . We have 
f cf>{x)\gradrs<fix)\(rr\x)= f ds f (p(y)cjT^(y) 

for every e L\S,(tI-^)- see H, HH. Choosing <^ = g^^ |^«v|, yields 



Js Js Wadjs'fi] ^ . ' Js 




The (Riemannian) unit normal 77 along if ^{s] is given by 77 ^ \gradTslv ^^"^^^ \'PnsJi\ = igradrlli ^^^ i^ 
turns out that 



Jr J(p-'[s]ns Jr Jy^'uins Igf^'^rsfl 

= f ds f irmrjWPHvlcr"^ 

Jr Jip 

= f ds f 

Jr J tf' 



— — J ;■ l-rH V| c ■" 

(p-'[s]ns JR J(p-^[s]ns 

\rns ii\\rHy\Uf. 

[s]ns ' -' ' 



CT'l-\ 



a 



Below, we recall a basic integration by parts formula for horizontal vector fields; see Il44l . 
Definition 13. Let Dhs : dij^g (HS) — > C{S) be the 1st order differential operator given by 

Ghs X : - divHs X + {Chv^,X} V X € 4s iHS)[= CL (S ,HS)). 
Furthermore, let £.hs '■ C^^ {S ) — > Q{S ) be the 2nd order differential operator given by 

£hs (fi -.^ Ahs(P + {Chv^, grades (f) V (f e Cls {S ) ; 
see Definition^and Notation [77] 

The horizontal matrix Cm is a key object, related with the skew-symmetric part of the horizontal 2nd 
fundamental form Bh . Note that Dhs {(fiX) - (pDns X + (grades f, X) for every X e X\g (HS ) and every 
(f e CljgiS). Moreover, one has £,Hs(p = Dhs {grades <p) for every (p € Cl^iS). These definitions are 
motivated by Theorem 3.17, Corollary 3.18 and Corollary 3.19 in [,44.1 . 

Theorem 14 (see [44]). Let S be a compact NC hypersurface of class C with boundary dS of class C^ 
Then 

(5) r Dhs X err' = - { n-ln (X, v^) o'l^ + f {X, j]Hs > (t"-^ V X e X\H). 

Js Js JdS 

Remark 15. We note that, in general, 'Hh ^ L^^^^{S;o-'l~^); see ||22]| . However, it is always true that 
"Hh eL]^^{S\cr"~^); see, for instance, EH. 
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Remark 16. Let S <z G be a hypersurface of class C^ and v the outward-pointing unit normal vector 
along S. Let For any X € X{G) let us set X""" := (X, v)v and X^ :- X - X-'- to denote the Riemannian 
normal and tangential components ofX at any point of S. We would like to stress that formula dD can 
be seen as a particular case of a general integral formula, the so-called 1st variation formula of the 
H -perimeter More precisely, the 1st variation formula is given by 



(6) 



h{X, (t'It') = f {-'HAX^, v) + divrs (x^\Phv\ - {X^, y>v;)) o-^' 
us 



where Is (X, cr""^) denotes the 1st derivative of the H-perimeter under a smooth variation ofS with initial 
velocity X; see Theorem 4.6 in [48 1. Formula © also holds ifCs + 0, but in this case we need to assume 
I-Ih e ^]oc^S '■> o"r~')- We observe that, in the case of the 1st Heisenberg group H^ this formula coincides 
with that ofRitore and Rosales; see [54], Lemma 4.3, p. 14. Note that, ifX = Xh & ^(H), then 

XZ\'Ph v\ - {X^, v)vl = (Xm - I-Ph v\{Xh , v„ >v) \Ph v\ - \Ph v\{Xh , v) (y^ - \Ph v\v) 
= {Xh-{Xh,v}v^)\Phv\ 
= pBsiX,,)\pHv\, 

where we have used the fact that v = |!P«v|v„ + T^aeiv "^a^a cit each NC point. Finally, inserting this 
into ©J we obtain an equivalent form of (|5]l. In particular, for any X € X(//) the function DhsX turns 
out to be the Lie derivative of the differential {n — \)-form o"^~^ L S with respect to the initial velocity 
X of a smooth variation of S . Roughly speaking, this can be rephrased by saying that the differential 
(n — \)-form (Dhs X) cr'^~^ e A"^\T*S) is the "infinitesimal" 1st variation ofS. 

Formula © holds true even if Cs + 0, at least under suitable assumptions. 

Definition 17. Let X € Q}{S \ Cs,HS) and set ax '■= (X J o-'^~^)\s- We say that X is admissible (for the 
horizontal divergence formula) if the differential forms ax and dax are continuous on all of S, or, more 
generally, if a, da € L"'{S) and f^a € L"'{dS). We say that (p e C;;^ (S \Cs) is admissible if grades (p i^ 
admissible for the horizontal divergence formula. 

We stress that, if the differential forms ax and dax are continuous on all of S (or, more generally, if 
a, da € L°°{S) and i*^a e L°°{dS), where is : dM — > M is the natural inclusion), then Stokes formula 
holds true; see, for instance, [57 1. This fact motivates the following: 

Corollary 18. Let S (zG be a compact hypersurface of class C^ with boundary dS of class C^ Then 
(i) j^ Dhs Xa"-^ = J?,^ {X, T]Hs ) <"2 for every admissible X e C\S \Cs,HS); 
(ii) L JLhs (f> o-"~ ' - L (grades (f>, t]hs > crj^"^ for every admissible cp e C^^ {S \Cs); 
(iii) ifdS = 0, then - j ipJLus (f cr"~^ = j Igrad^s <fi\^ o-"~^ for every ip € C^j {S \Cs) such that tp^ is 
admissible. 

The last formula holds true even if dS + 0, but for compactly supported functions. Moreover, it 
can be shown that ip^ is admissible if and only if ^ e Cj^. (5 \Cs) C\ W^^ (5, cr^"') where we have set 
W]i{S,cr^-^) := W e L2(5,o-«-1) : |graJ„,(/)| € L^{S,cr''-^)\. We also remark that any vector field 
X € C^{S,HS) turns out to be admissible. Analogously, any (p e Cj^ (S) is admissible. 

Lemma 19. Let xh :- Y^iein ■'^i^i ^^ ^^^ "horizontal position vector" and let gH denote its component 
along the H -normal v^, i.e. gn '■= {xh,v^). In the sequel, the function gu will be called "horizontal 
support function" ofxn. Then, we have: 

(i) divH Xh = h; 
(ii) Dhs (xhs ) = {h-l)-\-gH "Hh +{ChV^j, xhs ) at each NC point x e S \Cs, where xhs '■= Xh -ghV^j. 
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Proof. We have cUvhXh = l!l^^{Vx,XH,Xi) = j:lj=i(Xi{xj) + {Vx,Xj,Xi}) = TJlj^^dj = h, where 6J 
denotes Kronecker's delta. Note that we have used J'h{xh) = Id/, and {^XiXj,Xi) = for all i,j e h; 
see Definition [6] and formula (O. Furthermore, by definition, one has cUvhsXh = cUvhXh - (Vy xh,v^\. 
Hence divHs Xh = h - {v^,v^) - h - \. Furthermore, by definition, we have 

h 
(7) divHs Xhs = ^<Vr,- {xh - gH v^) , t,>, 

1=2 

where we have used an orthonormal horizontal frame th := {ti, ..., r/,) in an open neighborhood U cz G 
of S such that ti(x) = v^{x) at any x e S \Cs', see, for instance. Definition 3.4 in |44|. Starting from ©, 
we compute 

h 

divHsXHs - ^ (<T,-,T,> -gH(V^.y„,T.>j -{h- \)- gHdivHV^ = (h - \) + gn'T-ln 

i=2 

for every x e S \Cs- The thesis easily follows from the definition of T)hs ■ □ 

A simple consequence of Corollary [18] and Lemma [19] is given by the following: 

Corollary 20 (Minkowsky-type formula). Let S cz G be a compact hypersurface of class C^. Let 

Xh = YjieiH -^i^i ^^ ^^^ horizontal position vector. Furthermore, set gn - {xh , v^ ) and Xhs = x — gnv^ for 
every x e S \ C5 . Then 

"^ {{h - 1) + gH'Hn + {ChV^,Xhs )) (t'T^ = 0. 



i' 



Proof. It is enough to apply Corollary [TS] to the horizontal tangent vector field xhs e C^(S \ Cs,HS). 
Using Remark [T5] and Lemma [T9] the thesis easily follows. n 

Definition 21 (Eigenvalue problems for Xm ). Let S <z Gbe a compact hypersurface of class C^ without 

1 12 _ 1 

boundary. Then we look for solutions of class C^^ {S \Cs) (^ W^^ {S, cr'^' ) to the problem: 

9 1 9 1 

IfdS + 0, we look for solutions of class C^^ (5 \C$)C\ W„^. (5, cr^" ) to the problems: 

We explicitly remark that j-^ = (grades 4'^ Ins ). 

The problems (Pi), (P2) and (P3) generalize to our context the classical closed, Dirichlet and Neumann 
eigenvalue problems for the Laplace-Beltrami operator on Riemannian manifolds; see |[T3l[T4l . 

Finally, we recall a recent general result about the size of horizontal tangencies to non-involutive 
distributions, which applies to our Carnot setting; see Theorem 4.5 in O. 

Theorem 22 (Generalized Derridj's Theorem). Let Gbe a k-step Carnot group. 

(i) IfS c G is a hypersurface of class Q?, the Euclidean-Hausdorff dimension of the characteristic 

set Cs ofS satisfies dimEu-Hau(C/v) < n -2. 
(ii) If V = H^ c TG satisfies dimV > 2 and N c G is a (n - 2)-dimensional submanifold of 

class C^, then the Euclidean-Hausdorff dimension of the characteristic set C^ of N satisfies 

dimEu-Hau(Cw) < « - 3. 
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Remark 23. Let N cz G be a (n — 2)-dimensional submanifold of class C^. This smoothness condition 
is sharp, see I8|. Moreover, we stress that dimV = 1 just for Heisenberg groups and 2-step Camot 
groups having \ -dimensional center For Heisenberg groups M'^ , n> \, using Frobenius' Theorem yields 
dimEu-Hau(CAf) < n, where n = '2 ; see also HI. On the contrary, l-dimensional curves in H^ can 
be horizontal or transversal to H. For 2-step groups having \-dimensional center (or, equivalently, 
horizontal bundle H of codimension I) a simple analysis shows that dimeu-HauCCA?) = n — 2 if, and only 
if, G reduces to the direct product o/H' and of a Euclidean space R''~^. 

2. ISOPERIMETRIC CONSTANTS AND THE IST EIGENVALUE OF £.hs ON COMPACT HYPERSURFACES 

As a consequence of the Coarea Formula dU we may generalize to the Carnot groups setting some 
results about isoperimetric constants and global Poincare inequalities for which we refer the reader to 
lfT3l[T4l: see also 1161. [611. 

Let S c G be a compact hypersurface of class C^ with (or without) boundary. Similarly as in the 
Riemannian setting (see |[T6l and lIHTl ). we may give the following: 

Definition 24. The isoperimetric constant Isop(5') ofS is defined as follows: 

• ifdS = 0, we set 

Isop(5') := inf ■ ; , 

min{cT'^'\S,),cr",-\S2)} 

where the infimum is taken over all C^ -smooth (n — 2)-dimensional submanifolds N of S which 
divide S into two hypersurfaces 5 1, 5 2 with common boundary N - dS i = 882; 

• ifdSi= 0, we set 

o-'^-^iN) 
Isop(5) := inf ; , 

O^H W l) 

where N (Z S is a smooth hypersurface ofS such that NDdS - % and S 1 is the unique Q} -smooth 
{n - 2)-dimensional submanifold ofS such that N = dS i. 
Here above dS, Si, S2 and N - dS i (i - \, 2) are not assumed to be connected. 

This definition requires some comments. As recalled in the introduction, in the Riemannian setting 
analogous isoperimetric constants were introduced by Cheeger in [16|, in order to give a geometric lower 
bound for the smallest eigenvalue of the Laplace-Beltrami operator on smooth compact Riemannian 
manifolds. This definition was somewhat motivated by an example of Calabi, the so-called dumbbell 
manifold, homeomorphic to S^. Actually, an analysis of this example shows that, in order to bound A 
from below, the diameter and the volume are not enough. 

We also have to recall that these isoperimetric constants turn out to be strictly positive. Although, this 
claim turns out to be (more or less) elementary in dimension « = 2, it becomes a bit more difficult when 
n > 2; see |[T6l . Some years later after Cheeger result, Yau (see [61]) reconsidered the isoperimetric 
constants and demonstrated that A has a bound in terms of volume, diameter and (of a lower bound of 
the) Ricci curvature. See the survey [39] for a glimpse on this topic. 

Below we shall generalize some of the results of 11611 . Our results will follow the original scheme, 
which is based mainly on a suitable use of the Coarea formula for smooth functions. Note also that, 
instead of C°°-smooth hypersurfaces, here we are considering hypersurfaces of class C^. We have to 
observe that all the results could also be stated for C' hypersurfaces. But the delicate matter here is that 
in our setting, new difficulties come from the presence of characteristic points and, in the C' case, it 
is not simple to prove that isoperimetric constants are strictly positive. Actually, the following further 
hypothesis seems to be unavoidable in order to have non-zero isoperimetric constants: 

(H) every Q? -smooth (n - 2)-dimensional submanifold N a S satisfies dim C/v < n -2. 



12 Francescopaolo Montefalcone 

This assumption can be overcome by using the generalized Derridj 's Theorem |22l see also Remark 
l23l As a consequence, the results of this section are "meaningful"(in the sense that the isoperimetric 
constants do not vanish) at least for any Camot group G such that dimV > 2 and for all Heisenberg 
groups H", with n> \. 

Theorem 25. Let S (zG be a compact hypersurface of class Q?. 
(i) IfdS = 0, then 

j^ Igradns lAl cr"^^^ 



Isop(5' ) = inf 

lum is taken 
(ii) IfdS + 0, then 



where the infimum is taken over all C^ -smooth functions on S such that J ^ cr'lf^ - 0. 



IsopCS') = inf ; , 

where the infimum is taken over all Q -smooth functions on S such that (Alas - 0. 

Warning 26. The definition o/Isop(5) can be weakened. For instance, (/) of Definition \24\can be given 
by assuming S of class C' and then by taking the infimum over all (n — 2)-dimensional submanifolds N 
ofS of class C^ which divide S into two hypersurfaces S 1,82 with common boundary N = dS i =882- 
In this case, (/) of Theorem |25] holds, without modifications, by taking the infimum over C^^ -smooth 
functions. If dS i= % an analogous claim holds, for the other isoperimetric constant. Furthermore, 
equivalent remarks can be given for all the results of this section. Nevertheless, as already said, this 
weaker formulation seems to be less meaningful because of the presence of characteristic points. 

Warning 27. Throughout this section, we shall fix a homogeneous distance g on G of class C^ outside 
the diagonal of 



Proof of Theorem \25\ The proof repeats almost verbatim the arguments of Theorem 1 in EDl. We just 
prove the theorem for dS =% since the other case is analogous. First, let us prove the inequality 

r \gradHs^\o-l'^ 
Isop(5) < inf ^-^ ■ 

where tjj e C^(5) and L tj/cr'lf^ - 0. To prove this inequality let us consider the auxiUary functions 
ip* = max{0, if/}, ip' = max{0, -ip}. By applying the Coarea Formula (0) and the definition of IsopC^ ) we 
get that 

\grad^s (A^l o-l~^ = (T'l^x e S : i/y^ = t}dt > Isop(5) \4>^\ cr^-'. 

Js Jq Js 

Now we shall prove the reversed inequality. So let us assume that cr1j~^{S i) < cr'^~^iS2) and let e > 0. 

By making use of the fixed homogeneous distance g on G, we now define a function i/^e : S — > R by 

setting 

( £^ if g{x,N) < 6 ( -a^ if ^(x,A^) < e 

(8) Mx)\s, := , Mx)\s2 ■■= 

[ 1 if g{x, N) > € [ -a if g{x, N) > e 

where the constant a depends on e and is chosen in a way that j ipe o-'h'^ - 0. Obviously 



lima = 

^-0 o-ViS2) 
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Since 



I \gradHsipe\cr"n ^ 



\ + a 



\ + a 



/ 

Jn 



\gradHsQ(,x,N)\(T'lt 



n-\ 



N^:={xeS:Q{x,N)<e] 



o-„ {x e A^e : q{x, N) = t} dt, 



one gets 



lim 



n r \grad,, «A.I <'' = {I + a) crT^iN). 

OJs 



Moreover lirtie^o LI^Ao'h ^ =0"// ^{S i) + acr'^ '(52). Putting all together we get 

j^\gradt,sH(T';r^ . j \gradt,sil',\(rl-^ (t"-\N) 



inf 



Xi^i^r 



< lim 



Xl^^ 



cr 



n-\ 



Tl-\Sy) 



If we take the infimum over A'^ and 5 1, the inequality follows. 



Corollary 28. Let Ai be the first non-zero eigenvalue of either the closed eigenvalue problem or the 
Dirichlet eigenvalue problem; see Definitional} Then Ai > 



(Isop(5))" 



Proof. We just prove the first claim, as the second claim is similar. Let i/' be an eigenfunction of Xas 
corresponding to ii. Then 

X ^ £hs ip air' Is l5raJ„, ^|2<-i 



Is I'Aivr^ 



Ji-Aivr^ 



Is I-aP^"' 

J^ \gradHs>IJ?o-l~' 

(Is l^l^<"f 
(j^mgrad,,iP\cT''-')'- 



1 (Is \sradns <A^I <"') (Isop(5))^ 



> 



where we have used Theorem |25] together with Cauchy-Schwarz inequality. 



n 



We now extend, to Camot groups, another isoperimetric constant and some related facts which, in the 
Riemannian case, were studied in |i6]J. 

Definition 29. The isoperimetric constant IsoPq(5') of any Q? -smooth compact hypersurface S c G with 
boundary dS is given by 

, ,,, ... cTl,-\dS,ndS2) 
Isopo(5) := mt < 



mm{cr';r\Si),(rr\S2)}, 
where the infimum is taken over all decompositions S = S lU S2 such that o"^~ (5 1 n 52) = 0. 

Theorem 30. Let S <zGbe a compact hypersurface of class Q? with boundary. Then 

^^\gradHs^\o-"~' \ 



IsoPq(5 ) = inf -; 7 



inf/jER/jliA-ySlc^rM' 



where the inf is taken over all Q? -functions defined on S . 
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Proof. The proof is analogous to that of Theorem 6 in [61 1. First, let us prove the inequality 



Isop(S) < inf 



^ j^ \gradns lAl o"« ' 



Xl<AK-i 



To this purpose, let us define the functions ip'^ :- max{0, ij/ - k], i}/ := - niin{0, ip - k), where ^ e R is 
any constant such that: 

crrM^€5:r>01 < \al~\S), 

By using again the Coarea Formula @ together with the definition of IsopoC^) we get that 

\grad,s <Al <~' = <~^{x eS ■.ily^ = t]dt> Isop(5) |«a1 o-",-\ 

Js Jo Js 

We prove the other inequality. Assuming cr'^^^iS i) < cr'^'^iSz) and e > 0, we define the function 

( 1 - ^^"'^^f'^^^ if g{x,dSin 552)) < e 
(9) «A.WIs, :- 1, <^.ix)\s2 ■■= 

[ if g{x,dSi ndS2))> £. 

Furthermore, one can find a constant k(e) satisfying 

f\^,-k{e)\cTr'-mf flfA.-ySlcrr' 

and such that k{e) — > for e ^ 0^. Hence 

( j {grades ip,\o-';r^ ] o-"^-^{dSindS2) 

hm < ^ > < 



^0 [inf^gR J^ 1^, -^1 <-i J min{cr«~H5 1), cr^'C^z)) ' 

Corollary 31. Let S gG be a compact hypersurface of class 0?. Then 

(10) {W- kl^cr'Jr' < T r \grad,, ^1^ o-^' 

Js (Isopo(5))^ Js 

for every ip € C^(S ) and every ^ € R such that 

crTHxeS :,p<k} > ^ct'^-\S). 
Furthermore, if if/ € C (5) and L ^cr'j^^ = 0, then 

Js (Isopo(5))2 Js 
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Proof. One has L {(J/^ ■ i// ) cr'l ^ = 0, where the functions i^- are defined as in the proof of Theorem [ 
Moreover, by using once more Coarea Formula, we get 



|2„n-l 



Js Js 

Js Js 

< , \^, ( r \grad,, («A+)2| <- 1 + r \grad,, (rfl <^'] 



Isopo(5) 

2 , _ 

- Isopo(5) "'^ +'A llL2(S;^-l)ll^'■«^''^■'AllL2(S;<^-l)■ 
This proves ([Tol l. In order to prove ([TTt we note that the hypothesis J 4"^'h^^ = actually implies that 

keRJs 

which together with (ITOl ). implies the thesis of the theorem. n 

3. Two UPPER BOUNDS ON Ai 

Below we shall extend two (nowadays classical) inequalities obtained, respectively, by Chavel and 
Reilly in the Euclidean/Riemannian setting. An important feature of these results is in that they give 
explicit upper bounds for the first non-trivial eigenvalue (of the Laplacian) of a compact submanifold of 
R". For further details we refer to [|l2l and |^3 1; see also [34|. To begin with, let fl c G be a bounded 
domain and assume that S := dO. is a connected hypersurface of class C^, with orientation given by the 
outward normal vector v. Moreover, let Xh be the horizontal position vector field and let us apply the 
usual divergence formula. We also set cr^ = 'Vol". We have 

h^ol'\a)= { divHXH(Tl= { {xh ,v) al'^ = { {xh,v^)(tI-\ 
Jo. Jan Js 

where we have used identity (i) of Lemma [19] Furthermore, we may further assume that the "center 

of mass"of dQ. (with respect to the //-perimeter) is placed at the identity € G. In other words, let us 

assume that C x,cr^"^ - for every / e Ih - {1, ...,/j), where X/y = (xi, ...,x;, ...,x/,) is the horizontal 

position vector; see Lemma [19] 

The last assumption is justified by the following: 

Lemma 32. Let S c G be a compact hypersurface of class C (/ > 1). We can always choose a system of 
exponential coordinates x - exp{x\, ..., x„) on G such that J x, o"^~^(x) = Ofor every i e Ih = {1, ..., h}. 

Proof. Let 

f Xicrl~\x) 
ai — ^ ■ V /€/« - {l,...,/j) 

and Oh = (fli, ...,a;, ...,a/j). Set a := exp{aH,Ov), where the symbol Ov denotes the origin of V c g. 
Consider the change of variables y := 0(x) = a~^ • x (x e G). Equivalently, we have ^(x) = L„-i(x), 
where L^i is the left-translation by a~^ = -a; see Section [TTT] The usual Change of Variables formula 
together with standard properties of the pull-back imply the following chain of equalities: 

(12) r f(y)K-'(y)= f fmx)) Jacmix)crr\x) = f i^* [fcrT') = f (/ o O) ((DV^') 
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for every smooth function / : S — > R; see, for instance, Lee's book Il38l Lemma 9. 11, p. 214. Using 
the left-invariance of the //-perimeter yields J'ac{0) = 1, or equivalently, <l)*cr^"^ = o"^"'. Now, let us 
assume that f{y) := yt for any i e h. Equivalently, let / be the /-th exponential coordinate of the variable 
J € G. Note also that (/ o O) (x) = 0,(;c) - -a, + Xi for any i e Ih. Actually, this follows from the fact 
that the group law • acts linearly on the horizontal layer; see ([T}. Then, using (fT2l ) yields 

r yi<~'(y)= f{-ai + xi)<-\x) = WielH, 
J<t>{S) Js 

which achieves the proof. D 

We therefore get that 

/jToZ"(0) - f(xH,v^)a'l-^ 
|A-«|o-r' 






x„Ptf'-' 






A<' 






ff. 



where the last identity follows from Lord Rayleigh's characterization of the 1st non-trivial eigenvalue Ai 
of the operator X«s on S . Now a direct computation gives the pointwise identity 2i,g/„ {grades ^i^ = h-l. 
Hence, putting all together, we have shown the following: 

Theorem 33. Let Q. c Q be a bounded domain with Q? boundary S = dD. Moreover, let A^ be the 1st 
(non-trivial) eigenvalue of the operator £,hs on S. Then 

r- n/o/"(Q) Vh^ 

We now discuss another geometric inequality, which looks very similar to the last one. More precisely, 
let 5 be a C^-smooth compact hypersurface without boundary. So let us make use of Rayleigh's principle 

r^Vr^< [\grad^s<p\^<-' 
Js Js 

for any function cp e C^{S \Cs) C) VV^J,, {S,cr'^~^) satisfying j <po-'^~^ = 0. Again, we assume that the 
center of mass of 5 = dQ. is placed at € G so that L x, cr'^'^ - for every i e Ih. Hence, similarly as 
above, we get that 

^^ ielH "^ ielH "^ 

At this point, we reformulate Corollary |20]as follows: 

{{h - 1) + <(•//« V„ + CmV^) , Xh )) (T^"^ = 0. 



I 
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From this identity and Cauchy-Schwartz inequality, we easily get that 

< J^|x„P<-iJ^('K2+|C„yj2)crr^ 

({h-\)CTT\S)f 



Therefore 



^^(nHl + \CuV,?)crl~ 



L 



x«ivr' 



and hence 






which proves the following: 

Theorem 34. Let Q. <z G be a bounded domain with Q? boundary S = dD and v the outward-pointing 
unit normal vector along S. Moreover, let Ai be the 1st eigenvalue of the operator Xhs on S. Then, the 
following upper bound for Ai holds 

X (-K^ + |C„y„p) c^r^ _ I {-Hi + |C„y„p) a^' 
Ai < 



(/j- l)cr«-i(5) h-l 

4. Horizontal Linear Isoperimetric inequalities 

Let S c G be a compact hypersurface of class C^ with (or without) boundary. Let Xh be the horizontal 
position vector of S and set xhs := xh - gHV^ where gn = {xh , v„> is the horizontal support function of 
S ; see Lemma [19] We recall that 

(13) r {{h - 1) + gHn-(H + {ChV^,xhs » a"-^ = f {xH,r]Hs ) oT^; 

Js Jas 

see Corollary |20] Note that, if dS = 0, then the boundary integral vanishes. From this we easily get that 
.n-l/e\ ^ I n„ wnj i , \/r' ,, ^ \h ^"-1 i I i/^ ^ \i^'i-2 



(14) {h-\)(^l\S)< 



r {\gH \\'Hh\ + \{Ch V, , XHS >|) err' + r \{xh , rjMs >|(rr 
Js Jas 



Remark 35 (Assumptions on g). Let q{x) - g{0,x) - \\x\\g be a homogeneous norm on G and let 
g(x,y) = \\y~^ • x\\g be the associated (homogeneous) distance on G. In this section we assume the 
following: 

(i) g is piecewise C^ outside the diagonal ofG; 

(ii) \gradHg\ < 1 at each regular point of g; 

(iii) \xh\ <g{x,0) W xeG. 

Example 36. On the Heisenberg group H", the CC-distance dec satisfies these assumptions. Another 
example is the distance associated with the Korany norm defined as \\x\\g := g{x) - y\xH\^ + I6t^ for 
X = exp{xH,t) e H". This norm is homogeneous and C"^ -smooth out ofO e H" and satisfies conditions 
(ii) and (iii). This example can easily be generalized to any Camot group having step 2 and satisfying 
C^C^ = —iHjffa, {a,li € ///j). Actually, in this case, one can show that the homogeneous norm \\ ■ \\g, 
defined by \\x\\g := -y^lx^P + 16|x«2p V x = exp {xh , xhj ), satisfies all the conditions in RemarkUS] 
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Let 7? be the radius of the ^-ball Bg{0, R), centered at the identity of the group G and circumscribed 
about S . It is important to remark that, because of the left-invariance of the //-perimeter, we may replace 
with any x eG. Below, we shall estimate (by Cauchy-Schwarz inequality) the right-hand side of (fT4l ). 
To this aim, note that gH <\xh\ < \\x\\g. So we have 

(15) (h - l)cT';r\S) <rIJ (I-HmI + ICmv^DctT' + <~\dS)\ , 
which is a linear inequality. Obviously, if S is //-minimal, i.e. *//« = 0, it follows that 

(16) (h - 1)CT^,-\S) < rU \CHV,\(rr' + <-\dS)\. 
Furthermore, ifH^ := max{7-6/(;t)|;ic e S), one gets 

(17) <-\S)({h - 1) -/?'K°) <rIJ \CHV,\crT' + (rr'(55)J . 

Equivalently, we have 

{h- l)(r«-i(S) 

(18) R> \, ' " ^ ' 

'Hyr'iS) + (Is \Chv,\ ctT' + (rTHdS)) 
and, by assuming Z?"//^' < /j - 1, we also get that 

/?(XlC«v„K-'+<-2(55)) 



(19) o-';r\s) < 



(h-l)- R'H'i 



Here, we just remark that there are no closed compact //-minimal hypersurfaces immersed in Camot 
groups. This fact can be proved by using the 1st variation formula of the //-perimeter; see P8l . The 
previous formulae have been proved for hypersurfaces with boundary, but they hold even if dS = 0. 
More precisely we have: 

Proposition 37. Let S czGbe a compact hypersurface of class Q? without boundary. Let R be the radius 
of the Q-ball Bg{0,R), centered at the identity of the group G and circumscribed about S. Then: 

(20) {h-\)a^l-\S) < R { {m,\ + \CMV^\)a^l-'; 

(/j-lX"i(5) 

(21) R > ' H \ J 



(22) (tI-\S) < -^ "-^. 

4.1. Application: a weak monotonicity formula. In the sequel, we shall set 5; = 5 n Bg(x,t). The 
"natural" monotonicity formula which can be deduced from the inequality (fTSl ) is contained in the next: 

Proposition 38. The following inequality holds 

(23) - Jp^^^ -J^\L ^^^"^ ^ '^" ''"''' '^"~' ^ "'"'^^^^ ^ ^'^^' ^^^) 
for £^-a.e. t > 0. 
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Proof. Since we are assuming that the homogeneous distance g is smooth (at least piecewise C'), by 
applying the classical Sard's Theorem we get that 5^ is a C^-smooth manifold with boundary for £}-&.&. 
f > (or, equivalently, this claim follows by intersecting S with the boundary of a ^-ball Bg{x, t) centered 
at X and of radius t). So let us apply formula (IT3T l for the set Si. We have 



,{lm 



{h-l)a^-\Sd < t\ (l-K^I + |C«yJK-^ +cr«-'(55,) , 



where t is the radius of a £)-ball centered at x and intersecting 5 . Since 

dSt = [dS n Bg{x, t)} U {dBg{x, t)r\S} 
we get that 



(24) {h-\)al-\St)<t 



r {YHH\ + \CHV^\)(Tl'^^(T"~^{dSf^B^{x,t))+(Tlr^{dBg{x,t)f^S) 
Js, '- 



=S{t) 



Now let us consider the function ifriy) := \\y - x\\g V j € S. By hypothesis, i/^ is a C^-smooth function -at 



least piecewise- satisfying Igradnifrl < 1; see Remark 135] So we may apply the Coarea Formula to this 
function. Since Igradns'l^l < \gradHtl/\, we easily get that 

o-",-\St,)-cTr\St) > f \grad,,^\(T'!r' 



/ 

Js„\s, 

I 



o-'^-^{>^-^[s]nS}ds 



It 

(r';r\dBg{x,s)nS)ds. 



From the last inequality we infer that 

d_ 

dt 
for X'-a.e. t > 0. Hence, from this inequality and (l24l ). we obtain 



^y;r\S,)>cTr\dB,{x,t)nS) 



(h - \)(TT\St) < tLnit) + Sit) + j/m-\sM , 

which is an equivalent form of ( [23T l. n 

We have to notice however that, in order to prove an "intrinsic" isoperimetric inequality, the number 
(/i - 1) in the previous differential inequality is not the correct one, which is {Q - 1). This fact motivates 
a further study, made by the author in ll46ll47l . 

5. A THEOREM ABOUT NON-HORIZONTAL GRAPHS IN 2-STEP CaRNOT GROUPS 

We begin by describing our result in the simpler setting of the first Heisenberg group H' ; see also [45 1. 
For the notation, see Example [T] 

Theorem 39 (Heinz's estimate for T-graphs). Let S = [p = exp{x,y,t) e H' : t = f{x,y) ^ {x,y) € IF 
be a T -graph of class Q? over the xy -plane. Ifl'Hul > C > 0, then 
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for every Q} -smooth relatively compact open settlcS. Hence, taking t( := S D Cr{T), where Cr{T) 
denotes a vertical cylinder of radius r around the T-axis T :=\p = exp (0, 0,t) eM.^, t e RJ, yields 



2 

r< — 

C 



for every r > 0. 



It follows that any entire xy-graph of class C^ having constant (or just bounded) horizontal mean 
curvature 'Hh must be necessarily a //-minimal surface. To see this fact, it is enough to send r — > +oo. 
The proof of the previous theorem is elementary. More precisely, one uses the following identity: 



J%l Jdtl 



where 9 - T* - dt + -^ ^2^ ^ denotes the dual 1-form to the vertical direction T. We also have to remark 
that tircrj = -dO - dx A dy. The previous theorem is a generalization to our context of a classical result 
obtained by Heinz in 1,35 J . This was generalized by Chern in [il9il and then by other authors in a number 
of different directions. 

Below, we shall restrict ourselves to consider only 2-step Camot groups. 

Definition 40 (Non-horizontal graphs in 2-step Camot groups). Let G be a 2-step Camot group and let 
^ — Tjcteiv Za^a € V be a constant vertical vector In this case, for the sake of simplicity, we reorder 
the variables in q as x = {xz^,xz), where xz '■= {x,Z) e R and xz^ := x - xzZ € Z^. Then, we say 
that S c G is a Z-graph (over the hyperplane Z^) if there exists a function ijj : Z""" — > R such that 
S - [p = exp {xz± , i/fixzj-)) £ O, xz± £ Z-"-). 

So let us fix a constant vertical vector Z e V and let S = {p = exp {xz± , il/{xz±)) € G, xz± € Z-"-) be a 
Z-graph of class C^ over the Z""- -hyperplane. For the sake of simplicity and without loss of generality, 
we may take Z = X^ for a fixed index a e Iv = {h-h I, ..., n}. 

Now let us define a differential (n - 2)-form on S c G by setting 

r:={v,JX,JcT'i)\s\CseA\rS). 

This differential (n - 2)-form ^" is well-defined out of C5 and we have to compute its exterior derivative. 
Below we will briefly sketch a proof, which can also be found in B4l . see Claim 3.22. 

Lemma 41. We have d^"\s\Cs = -'HH'njaCr'Jj~^\s\Cs< at each NC point. 

Proof. Let us set^y :- (XaJ XjJ o"^)|s for any a e Iv andj € /« and compute (i^j := d{XaJ XjJ o^)\s- 
Let G be a k-step Camot group. We claim that 

n n 

(25) di;j\s\c,= Y, Cl.{XuJcA)\s\Cs= Y. Cl^^kcj'r'bxcs. 

The proof of this claim is just a long, but elementary, calculation. Since we are assuming that G has step 
2, using the properties of the Carnot stmctural constants yields C'^ . - whenever j, k e Ih and a e Iv. 

Hence d^j = for every j e Ih. By linearity ^'^ = - Yjjein ^^h^J' where v^ = (v^,Xy) for any j e Ih. It 
follows easily that d^"^ = -l-lHVJaO-"'^ , as wished. n 

Theorem 42 (Heinz's estimate for non-horizontal graphs in 2-step Camot groups). Let G be a 2-step 
Camot group and let Z e V be a constant vertical vector Furthermore, let S be a Z-graph of class C^ 
over the Z^ -hyperplane. /f I"////! > C > 0, then 

(26) C 'H'^-\Pz-iW) < 'J^Tu^i'Pz-idW) 
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for every Q^ -smooth relatively compact open set ti c S. Hence, taking tl := S D €,-{71), where Cr{Z,) 
denotes a Euclidean cylinder of radius r around the Z-axis given by ^ :- [p = exp{Ozj^,t) € G, t e R], 
yields 

(27) r<^-^ 

C 

for every r > 0. 

Proof Without loss of generality, we may assume -'Hh > C > and take Z = Xa for some fixed index 
a e Iv .In this case, one has 

where the last identity follows from our assumption that S is a X^-graph. By using Lemma |4T] and 
Stokes' formula, we obtain the integral identity 



Furthermore, we have 



and 






J(v„ J J^-i) l^^^^^ = J(y,,^}d'H",-'LP,.,^y 
Putting all together, we get that 

which proves (|26l ) when Z = Xq,. Clearly, the thesis follows by linearity. Finally, (|27| i follows from 
( |26l ) and the elementary calculation J;"_i „':" - n - \, where B""' denotes a Euchdean unit ball in 

u 

It follows that an entire Z-graph of class Q? over the Z-'--hyperplane having constant (or bounded) 
horizontal mean curvature "Kh must be necessarily a //-minimal hypersurface. 

6. Local Poincare-type inequality 

By using an elementary technique, somehow analogous to the one used in Section HI we will state a 
local Poincare-type inequality for smooth compactly supported functions on NC domains. First we need 
the following: 

Definition 43. Let S c G be a hypersurface of class C^ and lettlQS be an open domain. We say that 
1i is uniformly non-characteristic (abbreviated UNC) if 

sup \m{x)\ = sup < -i-oo. 

xett xetlVPMV{x)\ 



We stress that 

aslv 



(28) |C«vJ 



aelv 
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where C := Y^aeiv 11^2 IIg/ only depends on the structural constants of g. Let us set 

1 



Rtt '■- 



2[l|'K«||L~(^) + C|M|i~(.wJ 



From (|28] ) we have |C«y„| < CmaXaeiv l^o-l- Moreover j^ Ivjal (^h ^ - jg I'^'q-I o"« ' < crJJ ^{B) for every 
Borel set B c 5 . 

Theorem 44. Le? 5 <z Q be a hypersurface of class C^. Le? 14 <z S be a uniformly NC open domain. 
Then, for all x eU and for all R < min{distg(x, 5'W), R^t)^ the following holds 

(29) lf\iff\Pcr"A"<CpRlf\grad,sil^f<-']'' 7^e[l,+oo[ 
XJ'Ur I \J'Ur I 

for every ij/ € C^j {'Ur) n CqCWr). More generally, let tl cz tl be a bounded open subset of tl with 
smooth boundary and such that diamg{U) < 2min{distp(x, 5'W),/?'^}. Then 

(30) U Wcr",-']" < Cp diam^CW) U \grad,s ^f<-']" P e [1, +~[ 



for every ij/ € C^, CW) n Co{^l). 

In the above theorem one can take Cp := 2j^- 



Proof. Let us set i/^e :- ^s^ + ij/^ (£ > 0). By applying Theorem [141 with X = iI/eXh we get 

I |(Ae {{h - 1) + g/f-KH + (C«y„, ;cm » + (gradtjs lAe. ^« » (^h~^ = I iA£<-^« . '7«^ > 0"^^, 

and so 

(/j - 1) r ^, err ' < r([ [if^s(mH\ + \CMV,\) + \grad,s ^s\]crT' + [ <A. o-^ 
J^lR \JnuR JdtiR 

+ Rif {grades >fs\ T^^ + f 'l's<'^]. 
\JtiR JattR I 

By using Fatou's Lemma and the estimate R < R^i we get that 



(h-\) f \ilj\cj'l' < (/!-l)liminf r ijj.al-' 
J'Ur '^^o" J'Ur 



< -Urn I il/^o^y +Rlimi I Igrad^s lAel K^ + I ^/^sK 

2 £^0+ J^^ £-»()+ \ J^^ Ja^^ 



Obviously, (Ae — > |(/^| and Igradnstlfsl — > l^rafiaji/'l as long as £ ^ 0; moreover \^\ = along dl^R. 
Now since, as it is well-known, {grades \if'\\ ^ IgradMs lAl, we easily get the claim by Lebesgue's Dominate 
Convergence Theorem. So we have shown that 



r m(^M~'<^;^ f \grad,,ilj\a^-^ 
J'Ur 2/1-3 J-i/« 



Geometric inequalities in Camot groups 23 

for every i)/ e C^j CWr) n CqCUr). Finally, the general case follows by Holder's inequality. More 
precisely, let us use the last inequality with \tfr\ replaced by \ilf\P. This implies 

r |«AlVr' < TX^^ r pW-'\grad,sH<-' 
Jvr (2« - 3) J% 



< -Jf^lC l,/,|(/^-l)?^«-lV'( (" lor^^.. ,M/'^"-l^' 



(2/1 - 3) 



arguments as above, just by replacing R with diamCW). 



where ^ + j, - 1. This achieves the proof of (|29l ). Finally, (l30l ) can be proved by repeating the same 



With some extra hypotheses one can show that (|29] l still holds up to the characteristic set. 

Theorem 45. Let S <z Gbe a hypersurface of class Q? with (or without) boundary dS. We assume that 
S has bounded horizontal mean curvature 'Hh and that dim Cs < n - 2. Furthermore, let 'W^ (6 > 0) be 
a family of open subsets ofS with C^ boundaries, such that: 
(i) Cs c If e for every e > 0; 

(ii) o^f\^(e) -^ Ofor e -^ 0+; 

(iii) /^^ mvl <-2 _^ Ofor e ^ 0+. 

Then, for every x e S and every (small enough) 6 > there exists Rq := Rq{x, e) < dist^(x, dS) such that 

(31) U Wcrl-'\ <CprU \grad,s^\Pcr'r'\' 7^e[l,+oo[ 

holds for every ip e C^^ (S r) n Co{S r) and every R < Rq, where 

1 



Rq := min < distp(x, dS ), 



^'^" "" " 2 [C (1 + \\mh'^(s,\tt,)) + mn ||l»(5«)] , 

Proof. Set i/^£ :- ^e^ + tA^ (0 < e < 1). We shall prove the theorem fovp - 1. The general case will 
follow by using Holder's inequality. Let 1/^ (e > 0) be as above. Fix eo > 0. For every e < eo one has 



Jti. 



>Ps\Cnv,\cT'i-' < 2c\mL-^^t.cTr\^^.), 



where we have put C :- Yjaeh IIC^IIg' • Furthermore (ii) implies that for every 5 > there exists e^ > 



-1 



such that crl ^(1/^) < 5 whenever e < eg. Taking 5 < lln 1 " . one gets 



n-\ 



for every e < minfej, eol- Moreover, for any e €]0, minle^, 6o)[. one has 
It follows that 

n-l 



r «A.IC«vJcrr'<C(l+|M|i~(5,w,)) r iPsCTl~ 

'J S R '^ S If 

[zontal mean curvature is bounded, w 



Since, by hypothesis, the horizontal mean curvature is bounded, we clearly have 
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Applying Theorem [14] with X = i]jeXh (and arguing as in the proof of Theorem |44]| yields 

Qi-l) r iP.ctV ^ r[{ [^emM\ + \CHV,\) + \grad,,i1j,\](T"-'+ f ^,cr«-' 
JSr \JSr Jbsr 

< R[C{1 + \\tu\\l-(SrYU,)) + \YHh\\l'^(Sr)\ r <A.<"' 

JSr 

\Jsr Josr I 

So if /? < Rq, one gets 

/ "^^ "^"'^ - 2)^3 (/ '^'''''^"' "^'^ """' ^ / '^'^'^"'i • 

We have i/fe — > li/'l and l^raJHsfAel — ^ \grad,js^l^\ as long as £ ^ and li/'l = along OSr. Since 
\gradus ItAll < Igrad^s fAl, the thesis follows from Fatou's lemma and Lebesgue's Dominated Convergence 
Theorem. n 

6.1. A Caccioppoli-type inequality. Our final result is a generalization of the classical Caccioppoli 
inequality (see, for instance, [2J) for the operator X«x on smooth hypersurfaces. 

Let S c G be a hypersurface of class C^ and set 5/; := S n Bg{x,R) for any x e G. We are going to 
consider the functions satisfying, in the distributional sense, the following problem: 

(32) - Lhs (f> - iff on Sr, 

whenever ifr € L}{Sr,o-"^^). 

So let us take a function ^ e C^,. {S r) n Co{S r) such that < ^ < 1, ^ ^ 1 on Sr/2 = S n BgiO,R/2) 
and IgradHs (\ < Cq/R. Inserting into the above equation the function if = ^■^{(p - 0o). where (;6o ^ K. is a 
fixed constant, and then integrating over Sr, yields 

r flgrad^s <P? <'^^2 f a</> - Migrad^s (, grades <PX^ = f H\'t> - M <'^ ■ 



We have 

'Sr "JSr 



^ Jsr Jsr 



"■2/021 



Moreover 1/^ < 2Cq//? ||0 - 0oIIl2(Sr)- Now let us estimate the third integral 73. We have 

< 4/?2 r 2^vr^ + ^ r i0-0oivr^ 

JSr R JSr 

Since ^ = 1 on 5i?/2, using the previous estimates yields 

r 2c^ + 1 r r 

\grad,s <p\^ <-' < — 1^ l<^ - <^ol' ^r' + 4/?2 ^2 crr^ 
We summarize these calculations, as follows: 
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Theorem 46. Let S <zG be a hypersurface of class C?; let 0o e R and let cpbe a distributional solution 
to the equation —£,hs<P = ^/f on Sr, where i/f e L?(S r, o"^~^)- Then, there exists a positive constant C > 
such that the following " Caccioppoli-type" inequality holds: 



{ \grad^s 0P err' < C (^ f \<P - 0ol' (tI' + R" { ^^ < 

JSr/2 \R JSr JSr 



\gruans 9\ ^H ^ <- | — | \^ - V0\ ^ h -<- ^ | </''-""' 

^SrI2 

for every (small enough) R > 0, where Sr := S n Bg{x, R), for any x € S. 
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